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Abstract — It is known that in adiabatic boundary layer flow over a curved surface the detailed structure of the spanwise periodic Gortler vortex instability
varies markedly over the range of spanwise wavelength. At short wavelengths the modes tend to be concentrated in a well-defined thin zone located
within the boundary layer. As the vortex wavenumber diminishes so the region of vortex activity is first driven to the bounding wall but subsequently
expands to cover the entire boundary layer at which stage the modes take on a principally inviscid form. At yet longer wavelengths the vortioes are give
by the solution of an interactive multi-deck structure which has some similarities with that for Tollmien—Schlichting waves.

In this work we investigate how the application of wall cooling affects the above scenario. It is shown how cooling both restricts the range of mode
types and gives rise to two new structures. The first, for moderate cooling and which relates to longer wavelengths, is interactive in nature. Here the
viscous—inviscid interaction between an essentially inviscid Gortler problem, albeit for an effective basic flow which in its general form has a non-
standard near-wall structure, and a viscous sublayer is provided by novel boundary conditions. Shorter wavelength vortices are largelybynaffected
wall cooling unless this is quite severe. However when this degree of cooling is applied, the vortices take on a fully viscous form and are confined to a
thin region next to the bounding wall wherein the basic flow assumes an analytic form. Numerical solutions are obtained and we provide evidence as
to how the two new structures are related both to each other and to the previously known uncooled €@ Editions scientifiques et médicales
Elsevier SAS

compressible Gortler vortex / Tollmien—Schlichting waves

1. Introduction

Following the pioneering study by Gortler [1] into spanwise periodic vortex instability, which can manifest
itself in boundary layer flow over slightly concave surfaces, there have been numerous investigations into this
centrifugally-driven mechanism. The relevant stability equations for the Gortler vortex mode take the form
of a parabolic partial differential system which can be solved numerically by straightforward marching in the
downstream direction. Hall [2] has shown that the quantitative details of the spatial development of Gortler flow
is sensitive to non-parallel effects: a conclusion that carries over to compressible flows as well [3]. An important
implication of these results is that the concept of a unigue, linear neutral stability curve, which is so familiar in
many hydrodynamical contexts, does not exist for the Gdortler problem. In general, for modes with wavelength
comparable with the boundary layer thickness, the downstream neutral locations are entirely dependent on how
and where the disturbance initiated so that different starting conditions yield different ‘neutral curves’. The
one exception to this behaviour occurs in the high-Gortler, high-wavenumber regime for which Hall [4] was
able to demonstrate that nonparallelism is less important and so unique growth-rate curves can be determined.
Subsequently there have been numerous papers on the subject and for a full account of progress the reader
is referred to suitable review papers, e.g., Hall [5] or Saric [6]. Most investigations have, for simplicity,
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concentrated on the case of two-dimensional incompressible boundary layers although it is recognised that
in nature many situations in which Goértler vortices arise the flow will be three-dimensional and compressible.

The spectrum of Gortler modes is discrete and at large Gortler nunmibésse (1) below) there is a whole
hierarchy of possible modes. These take on a layered structure, with the number of layers increasing with the
mode number. For a given two-dimensional boundary layer the growth-rate curve relating to some given initial
vortex structure has two neutral points. That is, in an experimental setting a vortex imposed at some specified
streamwise location typically decays over a certain distance, then passes through a region of amplification
before final decay sets in. For large valugss 1 the right-hand side of the linear neutral curve moves to a
vortex wavenumbek = O(GY#) (here the vortex wavelength is expressed relative to the local boundary layer
thickness). Hall [4] elucidated the structure pertaining to this right-hand branch and Timoshin [7] and Denier,
Hall and Seddougui [8] later identified a second viscous structure which captures the mode with the greatest
spatial growth rate: in this regimie= O(G/%). At O(1) wavelengths the vortices take on a principally inviscid
form and occupy the whole of the boundary layer. Hall and Malik [9] and Dando and Seddougui [10] studied
the compressible counterparts to the right-hand branch and most unstable structures and the latter authors
also uncovered a second mode: this is trapped in the thin temperature adjustment layer which forms within a
compressible boundary layer at sufficiently large Mach numbers. Rozhko and Ruban [11] demonstrated that as
the mode wavenumber falls so an interactive viscous—inviscid mechanism increasingly comes into play. This
process, which can be thought of as the large spanwise wavelength limit of a Tollmien—Schlichting wave, is
described by a triple-deck formulation and was exploited by Rozhko and Ruban [11] to examine disturbances
generated by streamwise elongated roughness elements over curved surfaces (see also Ruban [12] and Rozhko,
Ruban and Timoshin [13]). Choudhari, Hall and Streett [14], hereafter referred to as CHS, also used this triple-
deck both to investigate flows over humps and, as the vortex wavelength increases further, to show that the
interactive structure gives way to one in which Goértler modes become fully non-parallel and amenable only
to an entirely numerical treatment (Hall [2], Bogolepov and Lipatov [15], CHS [14]). In total the five regimes
corresponding to (i) the right-hand branch; (ii) the most amplified mode; (iii) inviscid vortices; (iv) the viscous—
inviscid interactive mechanism and (v) non-parallel modes encompass the possibilities for Gortler vortices
across the entire wavenumber range. By way of summary, and for future reference, the sdigumatishows
the locations of these five modes in parameter space (denoted |-V respectively) and records their associated
spatial growth rates.

The main emphasis in this paper is on an investigation into the effects of wall cooling on the Goartler
structure. Wall cooling is employed in many physical situations, principally because high-speed flows generate
extreme heat and artificial cooling is often needed to keep surfaces at reasonable working temperatures. Most
investigations concerned with the effects of wall-cooling upon boundary-layer stability have concentrated on its
effects upon inviscid shear modes. Initially it was assumed that cooling should stabilise matters, as it causes the
disappearance of the inflexion point associated with the so-called second mode which, in general, constitutes
the most unstable mode at higher Mach numbers. However recent studies, for example Mack [16] and Shaw
and Duck [17], have criticised this conclusion, since no account seems to have been made to quantify the effect
of cooling upon the higher inviscid modes. Shaw and Duck [17] indicate that while cooling stabilises the lowest
inviscid mode it destabilises the others—a conclusion that has been confirmed by El Hady [18] who also proved
that cooling tends to stabilise secondary instabilities.

The influence of wall cooling on viscous modes has thus far only been investigated in the context of
compressible Tollmien—Schlichting waves, that is the ‘first mode’ of instability. Seddougui, Bowles and
Smith [19] demonstrated that cooling destabilises the flow to the extent that the enhanced viscous growth
rates rival those of the usually larger inviscid ones: see also Brown et al. [20] and Kerimbekov et al. [21]. Given
the important role cooling often plays in practical situations, it is perhaps surprising that very little work (both
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Figure 1. Schematic showing the wavenumber regimes and associated spatial amplification rates for the five principal forms of Gortler modes within
an incompressible boundary layer. Regions I-V correspond to the right-hand branch, the most amplified regime, the inviscid modes, the domain of the
interactive structure of Choudhari et al. [14] and the fully non-parallel modes respectively.

theoretical and experimental) seems to have been done concerning its influence with regards to Gortler vortices.
El Hady and Verma [22] considered the linear Gortler instability of a low Mach number flow and suggested
that unless the cooling is quite marked it has little effect although significant cooling tends to be stabilising.
In contrast, Hall and Fu [23] examined the structure of Gértler vortices at hypersonic speeds and in later work
(Fu and Hall [24,25]) suggested that the application of wall cooling makes the temperature adjustment layer,
wherein the modes are trapped, increasingly unstable to Rayleigh instability. More recently, Bogolepov [26]
looked at the properties of stationary cooled inviscid vortices in hypersonic flow and concluded that cooling
tends to be destabilising.

In order to improve our understanding of the role of cooling for Goértler modes, the study outlined here
contains both analytical and numerical work which reveals a number of links between the previously known
uncooled structures and some new configurations: we endeavour to clarify these as we proceed. In order to
highlight the part played by cooling as opposed to other factors we shall, like many previous authors, restrict
ourselves to a two-dimensional basic flow although the generalisation to three dimensions is in many cases
quite straightforward. Our starting point is with the comprehensive study by Dando and Seddougui [10] of
inviscid Gortler vortices and we show how limited cooling modifies their results. The influence of cooling on
the viscous—inviscid long wavelength structure summarised in CHS [14] is also considered and we show that
cooling leads to significant alterations in the nature of the vortices. Indeed, for sufficient cooling (the precise
magnitude of which is specified in due course) a novel ‘moderately cooled’ interactive mode arises. This
effectively combines both the above uncooled modes in as much that the corresponding numerical problem
reduces to solving for a cooled inviscid vortex coupled to the solution of a viscous sublayer via the inner
boundary conditions. As the degree of cooling is increased further a second new mode is discovered and we
find that this form can also be obtained by taking appropriate limits of each of the structures I-lll shown in
figure 1 Hereafter we shall refer to this mode as being ‘severely cooled’ and its properties are found to be
determined after the numerical solution of some viscous equations.

The remainder of the paper is organised as follows. In Section 2 we set out the governing equations and do so
within a fairly general setting. We undertake a study of some of the properties of the basic flow and follow this,
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in Section 3, with a quick review of Dando and Seddougui’s [10] inviscid work, but with some cooling included.
The parallel question as to the effect of cooling on the long-wavelength interactive structure of CHS [14] is
tackled in Section 4 where we also develop the properties of the new moderately cooled interactive modes
referred to above. Numerical solutions of the associated inviscid stability equation are pursued in Section 5.
Next, in Section 6, it is shown how further cooling leads to the identification of the second novel form (the
viscous ‘severely cooled’ structure) and the relationships between this and the modes figurefl are

clarified. The salient determining equations for the severely cooled modes are derived and some numerical
solutions of these are described. The paper closes with some discussion of the findings and points the way
towards possible extensions of our work.

2. The general problem

Let us take a boundary layer flowing over a curved surfaee0, —oo < 7z < oo with the axes oriented
such that thec-coordinate denotes distance along the curved surface wiieasures the distance normal to
it. If z denotes the spanwise co-ordinate let us suppose that the surface has variable cuyryatbrdn this
formulation the co-ordinateéx, y, 7), the timer and the corresponding velocity componefisv, w) have
been made dimensionless with respeci {0 /.,/U, and U,,, wWherel,, and U,, denote a characteristic
lengthscale and free-stream velocity in the streamwise direction. (We notice that the two key streamwise
lengthscale$ and!,,, need not coincide.) Finally, we defing,p, ToT, iooit andpU2 p to be the density,
temperature, viscosity and pressure of the fluid, where the subscripas been used to denote typical free-
stream values. The Reynolds numisdg Gortler numberG and free-stream Mach numbéf., are defined
according to

Rew LUl o _Slopae oy Ux (1)
Moo b oo
wherea,, = ¥ ps/ Pso IS the free-stream speed of sound anid the ratio of specific heats. In the case of large
Reynolds number we introduce the usual boundary-layer scalings v, w) = Re Y?(y, z, v, w) and write
the pressure in the form

~ 1 1 -~
=i () + o Py, 2).

The resulting compressible boundary-layer equations for the two-dimensional basic flow need to be
supplemented by the equation of state for a perfectng& 7z and a suitable viscosity-temperature law.

For simplicity here we opt for Chapman’s l&wiz = CT': we also assume that = 1/, the ratio of the first

and second coefficients of viscosity, is constant. The compressible boundary-layer equations for the basic flow
then need to be solved subject to the wall conditions

i=v=0 T=T, aty=0

and the free-stream requirements

~ 1
iU — Uy(x), T—>Te(x)zl+§(y—1)M§o(1—Uez) asy — oo,

2n related studies we have also conducted the entire analysis for a general power law irﬁwh%ﬁ: details are available from either author on
request.
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where we have assumed the outer flow is homoentropic.
The general form of the relevant stability equations may be obtained by substituting a flow of the form

(Zi7 :67 iZ}? ﬁ? 57 T! ﬁ) = (UBv VBv ov PB7 RB7 TB7 lu’B) +8(u7 Uv w7 P! 107 T? lu’) + 0(82) (2)
into the compressible Navier—Stokes equations. Here the paraimetérmeasures the amplitude of the vortex

and the quantities with subscript denote basic flow entities. With the expressions (2) the linearised versions
of the stability equations can be written

du v dw U Vg i) 9 9
Rp| —+—+—)+p(—+—— )+ (= +Us—+Vs— o

ox Jdy 0z ax ay at ox ay
OR oR
+( B+U—B)=o, (3a)
ox ay
0 0 BUB 8UB aUB aL]B
Rp +UB—+VB— u+\u—- +o(Up——+ Vp——
at dx dx 3y
0 ou aUpg 0
F o n ) D), 3b
~ 3y (“Bay+“ay>+az(“38z> (30)
R{<a+Ua+Va>+<avB+ avB)—l—GU }
— — U——- u
o CBax T Bhy ax ' dy Xs
+(Uav3+vav3+1GU> 8P+8( 8v+ avB)
P\TB Sy T8 %y T2 ay oy \MBay TH,
L9 0 ( 8U>+A 0 [ (8u+8v+8w>+ (8U3+8V3>}
0z He 0z ay e dx Jdy 0z K x ay
0 ou oUp 0 ov 8VB> 0 ( E)w)
L e P 3c
+8x (MBa +u oy >+ 2y (Mﬂay + 2y + 92 2y 2y (3c)
R(8+U8+v8> 8P+8( 8w>+8( aw)
J— R — = —— _ _ _
B\or T VBax T By oz oy Moy ) T o \MB s
+A8 [ (8u+8v+8w)+ (8U3+8VB>]+ 0 ( 814)
oz " \ax Tay ez ) TH U Ty ax M5,
0 dv 0 ow
lus )+ S (s, 3d
+8y(M38z)+8z(M3 8z> )
Rp Up— + Vg— |T -
{(8t+ Bax+ 38y> +(u 0x +”ay y udx
+(U8T +v3T3)_1{8( 8T+ 8TB>+8( 8T>}
P\"B%x Ty ) T o Loy “Bay ay ) oz \' a2
oUp ou oUu
+(y —DHMZ, [ZMB—B—+ < B) } (3e)
dy dy dy

In these equations denotes the Prandtl number of the fluid and we remark that in all the subsequent
calculations we set = 1 and the ratio of specific heags= 1.4.
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The continuity, momentum and energy balances (3) need to be supplemented by the appropriate linearisations
of the state and Chapman law equations

RBT+pTB :O, (3f)
uw=CT, (39)

where the basic flow quantities satis®gTp = 75, up = CTp. Finally, the system (3a)—(3g) is subject to the
homogeneous conditions

u=v=w=T=0 aty=0andasy — oc. (4)

The above problem, save with the viscosity form (3g) replaced by Sutherland’s law, was tackled by Wadey [3]
in order to investigate the evolution of vortices in compressible flows.

In what follows we shall assume that the Gortler num@es> 1 and that the vortex perturbations take the
form

(u, v, w, P) xexp(Bx +ikz —iQt), (5)

whereg, k and2 are the growth rate, spanwise wavenumber and frequency respectively. The condition for
the problem to be essentially parallel (that is, for non-parallelism to play only a secondary role)dssthht

The complicated natures of some of the structures below means that it is almost inevitable that some notation
has to be given a number of roles within the paper. The alternative would be to introduce a plethora of obscure
variable names that would make the account more difficult to follow. Thus some variables will be re-defined
from section to section: in addition we adopt the convention that any variables based gwill be (loosely)

referred to as spanwise vortex wavenumber and growth rate respectively.

2.1. The basic flow

Before we can embark on a study of the vortices, we need to comment upon the important properties of
the basic flow. We remark that in what follows it is sometimes easier to proceed in terms of the co-ordinate
and at other points better to use the Dorodnitsyn variallefined byy = 3 dy/Ts—we shall freely change
between the two without special comment.

When written in terms of the Dorodnitsyn variable the governing equations for the basic flow take the form

0
Us =22, (6a)
an
B % azw %az_lq — ( dUe)@ Sa3_¢ (6b)
Tp L dn andx  dx an?2] \ “dx )T, Tg an3

Without loss of generality we may take the constént 1 in the viscosity law for its value can always be
adjusted using a suitable re-scalingmpofFor simplicity we shall assume the absence of a pressure gradient
and takerz = U, = 1 for which a straightforward similarity solution exists.Ufz = f'(n), Tz = Ts(7) is
taken, whereg; = nx~%/2, then we have Blasius’ equatiofi” 4 (1/2) ff” = 0 subject tof (0) = f'(0) = 0,
f'(0c0) = 1: here primes denote differentiation with respectijtoNote that for this special casg(n) is
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independent of the temperature fieldFor Prandtl numbes = 1 the temperature is then given by

Tp =T, + [(T, — T,) f — (T, — L(f)?, @)

whereT, = 1 and7, = 1+ (1/2)(y — 1)M2, is the recovery temperature.
A key result of strong wall coolingl,, <« 1 is that the basic flow sub-divides into two distinct zones:
a main part in whichy = O(1), n = O(1) and a supplementary inner zone whergirn y/T,, = O(T,,). If,
for definiteness, we consider the flonxat= 1, then for7,, < 1 within the main part of the boundary layer we
effectively have
Up~f'n),  Tp~[T, — (T, =D f']f
where in orderAthat botlty = O(T,,) andUg = O(T,,) within the inner region requireg’ ~ c?ln asn — 0 for
some constani;. Then, in particular,
Up ~diy"? + -, (8a)
Tp~ery/? 4, (8b)
wheree; = T,d; and the constant; is related tcﬁl by T,df = 2d;.

In the subregion, which we shall refer to as the buffer decks T2Y (or n = T,,¢ in terms of the
Dorodnitsyn—Howarth variable). Here the basic flow is given by

Up=T,liio+ -], (9a)
Tg=T,[To+---], (9b)
where
To=[1+ (T,dp?Y]"* = [1+ T.dig], (10a)
o= (To—1)/T,. (10b)

The case of a significantly cooled wall, in whidh, <« 7, (or S, < 1 in terms of the wall enthalpy
parameterS,, = T,,/M2) is by no means a restricted one. It is remarked that since for lgethen 7, is
approximately proportional ta12, even if T,, < T, in high speed flow the wall temperature could still be
quite appreciable. We recall that general high-speed fify >> 1 the majority of the basic boundary layer
flow in the regiony = O(M2) hasUg = O(1) and T = O(M?2)). The temperature adjustment layer, which is
located within thisy = O(M2,)) zone, marks the point at whicF is reduced to its @) values of the free-
stream. For small values &, the inner region itself takes on a two-tiered form, with a sublayer in which
y=0(M252), Ug =0(S,), Vg =0(M253)andTp = O(T,) = O(MZS,,). Thus forM,, > 1, S,, < 1 the
wall-values for the heat transfer and skin friction have the orderings

9Ty
dy

-1 aUB

w ?

y=0 ay

~

o M2S;t (11)

3 For the case of a general power viscosity law this is no longer true. In a further study we have considered a more general similarity solution for the
basic flow based upon a Falkner—Skan profile for wiigh= x™ f (), 7= nx™~1/2 and where

KB 1 ! } % : /2)_
[TBf} +2(1+m)ff +m(T€ (fH)=0.
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3. Cooled inviscid Gortler vortices

Although the properties of compressible inviscid vortices have been studied several times before, we quickly
revisit this for it provides a firm footing from which we can initiate our study into the effects of cooling.
The governing equations for the inviscid compressible Gortler modes are long established and here we follow
Dando [27] and write

w,v,w, T, p)= (U®Q), GY?V(y), G*W (), T (), GP(y))
X exp{Gl/Z/E(x)dx +ikz —iGl/z/ﬁ(t)dt}, (12)

whereB, k and$2 are scaled growth rates, wavenumber and frequency respectively. The substitution of (12)
into (3) and the retention of the leading order terms leads to the usual compressible Gdrtler problem

d’P  2dHdP k°T g2 1 d [U?
Y ) ) zq———x—<—3>, (13a)
dy?2 H dy dy q° Ty 2" dy\Tp
or, equivalently,
d?Vv 1 dTzdV  [k°T Tg d [ 1dg
V. 1dTzdV _ [KTp TB_(——Q)}V:O. (13b)
dy?> Tg dy dy q° q dy\Tsdy

In these equations we have definge: U — iQ2. The disturbance velocity componeVitand pressure®
are related viarg HV = —q(d P/dy) and are solved subject to the inviscid boundary conditigns O or
dP/dy=0aty=0andV, P — 0asy — oo.

Our concern here is confined exclusively to the case of steady modes for although the generalisation to
unsteady vortices would only require a trivial modification, in the interests of brevity we do not report on
this here.Figure 2 shows the effect on the vortex growth rates of various levels of coolingZgn= 2
boundary layer flow: we measure the degree of cooling in terms of the wall enthralpy parametét, / M2 .

It is observed that cooling stabilises the second and subsequent modes but has no effect at all on the first
one. This is easily explained by observing that the inviscid problem (13) admits the exact eigenfunction
V = Us(y) exp(—ky) with correspondings? = k x /2—which is plainly independent of the degree of cooling.

(We remark that Dando and Seddougui [10] noted this solution, but, unfortunately, in their vergias
inadvertently replaced by the Dorodnitsyn—Howarth variab)e

3.1. The inviscid cooled limit, — 0

We have already shown that & — 0 so the basic flow in the main degk= O(1) behaves a¥/z ~
diyY?, Ty ~ e1yY/? asy — 0, see (8), and then analysis of (13a) demonstrates that the general solution of this
equation takes the form

P ~ao[1+ O] + bo[y¥?+0O(y¥?)] (14)

for y <« 1. In order to solve (13a) subject to the correct boundary conditions it is necessary to establish the ratio
bo/ag and this is done by consideration of the buffer-deck wheseT2Y. Here the basic flow is as given by

(9) and then (13a) leads to the result that

X /;2610
Igz

P ~ag+T,las+O(Y?)] + T2 |az + Y +O(Y2Iny) + - | +--- (15)



J.W. Elliott, A.P. Bassom / Eur. J. Mech. B - Fluids 19 (2000) 37-68 45

0.8 T T T T T T T

1st

2nd

0.8

T
1

0.6 -

8th
0.4

|

0.2 - .

0.0 1 I ! 1 0.0 1 | I 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 Q0.8 1.0

() (b)

0.0 L | |

()

Figure 2. Effect of cooling on the growth rateg of the first eight modes i, = 2 flow. In (a) and (b) the wavenumbgris prescribed (as 1 and 4
respectively) while the degree of cooling is varied. In (c) is shown the solution of the highly cooled inviscid prshleaD) given by (13a) subject to
P~ yl/2 asy — 0. Here the growth ratﬁ as a function of the wavenumber is shown with the Idrgaesymptotes (17) denoted by dashed lines.
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for smallY. Herea; anda, are immaterial constants and féP/dY = 0 on the wallY = 0 then (15) shows
thatap = 0. The upshot is that fof, <« 1 the inviscid equations (13a), (13b) need to be solved subject to
P ~ O(y¥?) (or V ~ O(y¥?)) asy — 0 rather than the perhaps more typidat/dy =0 (or V = 0) in this

limit. The solution of this problem with slightly unfamiliar boundary conditions is showingare 2(c)which
demonstrates thg/k forms for the first few stationary modes. We note that this solution is very similar to those
obtained with the usual inviscid inner condition fokQS,, <« 1.

3.2. The large wavenumber limits> 1

In order to access some limits of the standard inviscid configuration it is evident that the Bmall
case deserves further consideration: we focus here on the wall-type modes as discussed by Dando and
Seddougui [10]. Whett >> 1 the solution structure for the wall mode in the mair= O(1) layer acquires
a sub-layer of depth @) which we shall take to lie above the= O(T?) buffer-deck structure adopted by
the basic flow. The majority of the vortex activity is concentrated in the sub-layer wherg/k, 3 = O(1)
and if we rescale the growth rate As= k28 then the appropriate limit of (13b) simplifies to

d’v 14V 1
— — —— — /)SA—T V:O (16)
dy? 2ydy 482y 2y?

This needs to be solved subject o~ y¥/?2 asy — 0 (to match with the buffer-deck solution discussed in
Section 3.1 above) and ~ exp(—y) asy — oo for decay out of the sublayer. An analytical solution of this
problem may be obtained in terms of confluent hypergeometric functions (Abramowitz and Stegun [28]) and
acceptable solutions occur if

~ Xk

ﬁzzm fOI‘s:O,l,.... (17)

This analysis for short wavelength modes holds good as Ioné asO(T,?). Oncek = O(T,?) the
sublayery = O(1) is no longer distinct from the buffer-deck of the basic flow. The appropriate equation for the
disturbance pressure in the buffer deck becomes, in terms of the scaled Dorodnitsyn yariable

d?P 2 dHodP k2T?2

2p _
a? Hydg ac g2 of=0 (18)

wherek = T; %k, T =T, andg = Biio (see (10)). Moreover, the scaled growtlgis= 8/ T,, and

1 d /q?
H =g~ _(T).
0=4 Zng“ 7

Equation (18) needs to be solved subjectPte> 0 as¢ — oo andd P /d¢ = 0 on the wall =0 and in
figure 3we show the growth rate dependencel?dor the first eight modes. (A simple rescaling of (18) means
that 7, andd; can be eliminated from the system and sofigure 3these have been set to unity.) It may
be shown that fok « 1 the solutions of (18) match onto the wall layer modes described by (17); the mode
remains effectively confined to the= O(1) zone while the far-field decay is brought about by through an
ever thickening, = O(k™%) region. A similar analysis, which follows that given by Dando and Seddougui [10],
shows that in the opposite limit>>> 1 the solutions of (18) match automatically to wall layer modes described
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Figure 3. Solution of equation (18) for the scaled growth raAiteas a function oft for the first eight modes are plotted. (The first mode is given
analytically by = (1/2)k 1/2.) The largek asymptotes (19) are shown by the dashed lines.
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Thus ask changes from small to large values the modes evolve from one square-root behaviour to another, just
as shown irfigure 3 Lastly, we note that the limt — oo indicates that for sufficiently large the effect of
cooling on inviscid modes is ultimately to push the fastest growing vortex to ever decreasing wavelengths.

The analysis summarised above suggests that the sgating/?7,-* must mark a significant dividing line
because as for smaller valuesiothe region of vortex activity lies outside the buffer deck so the problem is
essentially inviscid. However, as the wall temperatlijfe— 0 the vortex increasingly concentrates itself inside
the buffer and a new viscous interaction problem must come into play. We shall describe this situation as arising
in the case of severe wall cooling and return to explore its properties in Section 6. Meantime, we conduct an
analysis parallel to that already undertaken with the object of addressing the question as to the fate of long
wavelength interactive Gortler vortices as the wall is gradually cooled.

fors=0,1,.... (29)

4. The moderately cooled interactive structure

Timoshin [7] was the first to note the connection between triple-deck theory (see Smith [29] for an excellent
review) and Gortler vortices. Somewhat later, Choudhari et al. [14] showed that Gortler vortices within an
incompressible boundary layer are governed by the interactive viscous-inviscid mechanism of Rozhko and
Ruban [13] once the spanwise wavenumber drops(@ @) (region IV onfigure 1). The relevant structure
consists of zones of depth§@/7), O(1) and QGY") relative to the boundary layer thickness and CHS [14]
derived the linearised dispersion relations for the vortices. This eigenrelation represents a balance between the
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effects of viscosity in the lower deck, of destabilising centrifugal forces in the main deck and of viscous—inviscid
interaction in the uppermost region.

A repetition of the arguments discussed by Rozhko and Ruban [13], generalised to include the effects of
both wall cooling and large Mach numbers, show that unsteady vortices are described by a triple-deck like
configuration in the vicinity ofxg, zo) with streamwise, spanwise and time scales given by

(x — x0.2 — 20, 1) ~ (G~¥TSET M7 GYTSI2Tp247 G2 4T T (20)

Here we are assuming th&i, is O(1) or small andM,, is O(1) or large. ForS,, <« 1 it has already been
shown in Section 2 how the main part of the basic boundary layer sub-divides and develops a buffer region
lying above the viscous wall layer. Based upon the scalings implicit within (20), it is a routine task to show
that while the upper and lower decks in the interactive structure are of thicknesses'/’$2/7 247 and
y ~ G Y7897 M%7 respectively, the main deck for whigh~ M2 acquires a buffer zone wheye~ M2 S2.

A number of new limits may arise &5, and/orM,, vary from Q(1) values. One way in which the interactive
structure breaks down occurs should the upper and main decks coincide. This happens if

Sy~ M 2/0GTY12, (21a)

Non-parallel effects can also affect our analysis and do so should the lengthscale of the vortex grow so as to be
comparable with the distance over which the basic flow develops and this occurs once

Sy ~ M2GY2. (21b)

In particular, in the adiabatic case for whi§h = O(1), nonparallelism is significant ondé., ~ G/4. Another
mechanism through which the interactive structure may fail is concerned with the transition layer that divides
the main deck and freestream when bath, > 1 andS,, <« 1. Itis well known that on a flat plate the transition
zone marks the rapid change between the relatively higt3) basic temperature of the main deck and the
much cooler @1) freestream flow. Analysis of the vertical velocity component of the disturbance within the
transition region shows that its form becomes disordered and therefore has to be modified once

Sy ~ MY3G7112, (21c)
Finally, it is noted in passing that the buffer and lower decks of the structure merge when

S, ~ MG, (21d)

Relationships (21a)—(21d) are sketchedigure 4 It is noted how that a3/, and/orS,, are varied from
O(1) values so it is possible that modifications to our interactive structure might be required due to any of
(21a)—(21c) being achieved. Naturally, which of these is relevant depends on the loc&tjoidgy, parameter
space.

Since the focus in this work has been to ascertain how wall cooling can affect Gortler vortices, without
the additional complication of non-parallelisfigure 4 suggests that most interest would be in the case of
limit (21a) when the upper and main decks coincide. For definiteness, and to contrast with previous, mainly
hypersonic investigations, we fid,, = O(1) which impliesT,, = O(G~Y*?).4 In the ensuing analysis it is

4\We have also applied the scalings to consider the effect of nonlinearity on this structure. This enters the problem via the viscous sublayer where the
unsteady boundary-layer equations govern the flow.
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Figure 4. The regions ilM«, /Sy, parameter space which mark the limits of validity of the cooled interactive structure of CHS. The lines indicate when
the middle and upper decks merge (MU); when nonparallel effects become important (NP); when the solution in the temperature adjustment region
requires modification (TA) and when the buffer and lower decks coincide (BL).

convenient to define the small parameter
=GV (22)

Then, in order to examine vortices.at xq, appropriate new variables are
_ ~6v _ =47
x=xo+¢°X, t=¢"t (23)

and the wall temperaturé&, = O(¢). The arguments rehearsed above show that the perturbation structure
is composed of a main region in which= O(1), a buffer zone withy = O(?) and the wall layer where
y =0(E?%).

4.1. The buffer regiony =g 2y
Solutions of the linearised disturbance equations are sought of the form
(u, v, w, P’ P, T) = (ﬁl, ’574515 ’575{[)15 gillﬁl’ ’5*251’ Tl)E +C.C, (24)

whereE = expfX + i(kz — Q1)], c.c. denotes complex conjugate and the unknowns are functiopsAdf
leading order the basic flow is given by

= [T2 + 257]"", (25a)
gm ~ 7). (250)

uog=
with the wall temperaturdl,, = gT, and the constants and3 are related to the main-deck valués and
e1 (8) byer = /25, di5 = e1x. On substituting (23) and (24) into (3) we find that the leading order disturbance
solutions in the buffer zone are given by
duo

Uy =A;— dy (26a)
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P
pr=A1R, (26c)
dy
- dT;
Ti=A;—2, (26d)
dy
p1= P, (26€)
ik P
PpLLLE (26f)
Bpoito

whereA; and P; are unknown displacement and pressure constants respectively.

4.2. The wall layery =23y

Here we find it convenient to scale the disturbancé.gni,, T, and i, Which denote the (scaled) wall-
values of the basic shear, density, temperature and viscosity respectively. In this wall layer the disturbance takes
the form

w,v,w, P, p, T, )= (kabU, 30102V, 52 bW, e R, 2262 P, 8725, T, R)E +cC.C,
whereb® = T3C (A1)t and by assumptioft,, = CT,, andR,,T,, = . On rescaling
(A1,Y,7) — (bA,bY,1/bh1)
we obtain at a standard viscous layer problem whose solution leads to the pressure—displacement relationship

p°  A'(o) __i%
K (g Aids) 0T B

ﬁ_
Lo

4.3. The main tiery = O(1)

Last comes the uppermost region in the disturbance structure. The buffer zone solutions of Section 4.1
suggest that here the leading order disturbance solutions acquire the forms

(w,v,w, P,p,T)=(Fui, £°0, 5 °w, e 1p,&p, eT)E +c.c, (27)

and the consequent perturbation equations can be reduced to a coupled paintbthe pressurg which
together satisfy

v U
ﬁ”_B[ B_”__35]=_k2~, (28a)
TB 8y 0
ap wp[ o -, 1 ) <U§>]~
Up— =—|-BUs+=xTzg—| == | |V. 28b

This system needs to be solved subject to appropriate decay conditipns a® and matching to the buffer
solutions ayy — 0. It is convenient to non-dimensionaliseand p using

@, p) — (d1b¥, R, A2b%D),
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where the constant; arises from the solution of the basic flow in the buffer deck, see (8). It is also useful to
define a scaled surface temperature

1/3 B
7= \/E(%B> 5,372, (29)

with (07s/9y)ly=0 = 51/ T,,. (Note that this definition of is a direct counterpart of the cooling parameter
introduced in the work of Seddougui et al. [19].) With these simplifications we can reduce (28) to a single
equation forp which, withg = BUg, may be cast as

0%p 2dH 1 3 (UZ
Py 200y 1700 (UYL o (30)

in which

szé__z)(i(lf_é),

TB 2 8y TB

This equation is actually almost identical to system (13) with the only modification resulting from the changed
near-wall behaviour of the basic flow as in Section 2. It is also a long-wavelength version of the governing
equation for moderately cooled Tollmien—Schlichting waves in compressible flow but supplemented by terms

which account for the presence of curvature. In order to match with the buffer deck solutions we need to solve
(30) subject to

~ 1 ~
p~P[l+O(y)+---]—Efo[yl/z—i----] asy — 0, (31)

in addition the far-field decay — 0 needs to be imposed and the pressure—displacement law (27) satisfied.

It is the smally behaviour (31) which distinguishes this problem from many similar ones. Typically (see
Section 3.1) the physically relevant solution of equations akin to (30) is the one that diminishes as rapidly as
possible for small so that, in the current context, this requires settthg: 0. Here, however, the combination
of the buffer deck solutions together with the pressure—displacement law (27) fixes the relationship (31) so that
both smally forms are components of the required solution.

5. Solution of the interactive problem

Here we describe solutions of the linearised equations governing our moderately cooled modes and do so
with the curvature parameter in (30) set to be unity. The numerical method required a careful coupling of (27)
and (31) and was based on a scheme developed by Elliott and Strange [30] for investigating moderately cooled
Tollmien—Schlichting waves. Unlike the method employed by Seddougui et al. [19], who used a test function
for the basic flow quantities, our technique used the Dorodnitsyn variable and the similarity solutions discussed
in Section 2.1. (We remark that the approach was also capable of accounting for both a general power viscosity
law and Falkner—Skan similarity forms.) Equation (30) was solved subject to decay fowladgeh furnishes
an estimate for the rati@/A obtained from the smal} behaviour (31). In general this ratio does not fulfill
the pressure—displacement relation (27) viithieal so iteration on the spatial development paramgéteras
performed so as to ensure that this constraint was satisfied.

Our first results are concerned with stationary modes as the scaled cooling paraiset(29)) is varied.
Figure 5shows the dependence of the spatial growth raigRe g, of the first eight modes at wavenumbers
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Figure 5. Growth ratesp, as functions of cooling parameter for the first eight interactive moderately cooled modes of (27), (30) and (31).
(a) Wavenumbet =1, (b)k = 4.

k=1 andk = 4. A noteworthy feature of these results is that the growth rates are quite insensitive to the
degree of cooling applied and it is only the first mode that shows much dependercasan— 0. These

modes are the natural extensions of those steady disturbances studied by Dando and Seddougui [10] taken
into the moderately cooled regime. However our computations also revealed the existence of another family of
unsteady solutions which appear to be disconnected from the previously known ones. Properties of neutrally
stable manifestations of our novel modes are showfigime 6which illustrates the values of the streamwise
wavenumbetry, (= Im(B)) and neutral frequenc, as functions ok for a selection of cooling parameters

Two branches of solutions exist: for prescribedhen as the spanwise wavenumber- 0 so on one branch

a, — 0 while on the othetr, — oco. An almost identical plot is obtained of these neutral characteristics if we
interchange the roles afandt. Figure 7 shows the neutral properties as functiong afith k /a2 held fixed.

We see that a8 — oo botha, and$2,, — 0 and presumably this limit matches to the uncooled non-stationary
neutral modes of the CHS [14] regime. Conversely; as 0 bothe,, and$2, — oo and link onto the severely
cooled regime that we will discuss later.

Figure 8is focussed on the question of the spatial development properties of our new modes. Here we have
plotted the growth ratg, and the streamwise wavenumlbgras functions of2 for various degrees of cooling.
These results relate to the spanwise wavenurhbked and one feature of particular note is the existence of a
cut-off for @ « 1; if we denote this cut-off aQ. then no solutions exist faR < Q.. It was found numerically
that asQ — Q. then 8 — 0 such thattg = —i%/3Q/p%® — oo. (Our calculations suggested that the cut-off
occurs a2, ~ 0.557.) In the opposite limit2 — oo s0&y tends to a constant value and it is remarked that the
growth rateB, increases without bound. One last interpretation of the new modes is presefigemar®which
is concerned with the behaviours of disturbances Wit fixed. The results are suggestive of the appearance
of a high-frequency upper branch structure similar to that for Tollmien—Schlichting waves—a result which can
also be obtained by a high frequency analysis of the dispersion relation. We note it ftiked, then ag
increases we have a maximum growth rate at some finite valadefore the growth rate tends to zero.
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Figure 9. Non-neutral modes of wavenumbler= 1. (a) Streamwise wavenumbgr and (b) spatial growth ratg, as functions of wall cooling for
prescribed frequency/cooling ratios76 < /7 < 6.
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A few important points should be made about these findings. It appears that for each fixek is a
maximum spatial vortex growth rate: these maximums diminish as oo and for fixed2/7 and7 > 1 we
appear to have a match to upper-branch-like inviscid problems. Of course, there are a number of features of this
moderately cooled structure that could be taken further and we hope to examine some of the aspects in further
studies, but we do not attempt to discuss more limits here. Instead we now switch our attention back to the new
severely cooled vortex disturbances that we predicted as a result of our analysis in Section 3.

6. The severely cooled mode

Let us recall the information portrayed figure 1and make particular note of the modes I-lll; that is the
right-hand branch, the regime containing the most amplified mode (at least in the case of zero crossflow) and
the inviscid vortices respectively. We have already shown, in Section 3, that the effect of a gradual cooling from
the adiabatic state of the inviscid modes of Dando and Seddougui [10] is the introduction of some new viscous
interaction that comes into play as the wall temperafiyre> 0. In Section 4 we obtained one new form, the
moderately cooled mode. Now we pursue a second, more dangerous form, and begin by noting a somewhat
surprising connection between these modes and the I-lll structures that arise in adiabatic flow.

It is convenient, as in Section 4, to account for the effect of lavge as well as wall cooling by taking
Sw=T,/M2, < 1 and assuming tha¥/,, is either Q1) or large. Let us now consider the parameter regimes
for cooling at which each of the mode types I-lll are first significantly affected. Notice that for each of the three
modes discussed below the relevant scales for density and temperature are given by

(0, T) ~ (MZ2S,%u, M2 u),
where the size of is arbitrary.
6.1. The parameter regimes

6.1.1. The right-hand branch

We recall that the right-hand branch mode | for incompressible flow was first studied by Hall [4] and was
subsequently extended to compressible flows by Hall and Malik [9]. The vortex activity is concentrated in a
thin region within the cooled sublayer and the relevant scales are

¥, 2,0 ~ (GY2ML. S, GYBMY4S32 G YAM22s,, G388 M3 4sY2), (32a)
W, w, P)~ (GY2M . Syu, G¥BMASY 2y, GXBM34SH ). (32b)

6.1.2. The most amplified mode

The mode Il vortex structure is concentrated in a region below the cooled sublayer of the basic flow and is
associated with the scales

(. y.2.0) ~ (G3PMYPSY®, GHOIM PSSP, GO MRS, G2 P M S2P), (33a)
(v, w, P) ~ (GPMYPSY%u, G M2 SYu, G¥MPS%u). (33b)

6.1.3. The inviscid modes

Based on the assumption that vortex activity for inviscid modes takes place within the cooled sublayer, an
analysis of stability equations (3) shows that the relevant length and time scales are
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(X, 9,2, ) ~ (GY?*My.S,, M2 52, M2 S2, G2 M,,), (34a)
(W, w, P) ~ (GY?M . Syu, GY?M . Syu, GS2u). (34b)

It is seen that for the casg, ~ G~Y4M2/2 all three of the above modes collapse into the same single
structure. SinceS,, <« 1 for a highly-cooled sublayer and™ > 1 to avoid nonparallelism we conclude that
the regime of interest is

O <My <GY?, G« S, <1 (35)
6.2. The severely cooled limit

For definiteness, and to contrast with the work of Bogolepov [26], we shaliffix= O(1) which suggests
the wall temperature scaling

T, =G YT, (36)

with 7,, assumed to be an (@ parameter. This choice also provides a link with the cooled inviscid modes

of Section 3.1 wher@ = G¥28 ~ GY/2kY2 ~ G211, For if in that formulation we reducg, = O(G~/4)

thenk ~ GY2, B ~ G¥/* and then the overall wavenumber of the modes becggnesG¥/4. (There is also a
connection between these modes and the moderately cooled forms of Section 5, which will be discussed later.)

These severely cooled modes evolve over 86 3/4) lengthscale so it is convenient to define
x—xo=G¥X, y=GY¥  -z0=GYz, =GV, (37a)
and write the basic flow
(Ug, Vs, Ry, Ts, g, Pg) = (GY4U, G4V, GY*R, G™Y*T, GY*m, G™Y*P), (37b)
together with the disturbance
(u,v,w, P, p, T) = (@, GY*v, GY*w, GY?P,G™Y25, T)E +c.c, (37¢)

whereE = exp(BX +ikZ —iQt). These scalings are introduced into system (3) and after some manipulation
it turns out that it is convenient to define the quantities

g=pU —iQ, (38a)
~ dJ[dv 1/_~ dT
=—|——Z(gT+—7)| - k%. 38b
0=y [dY T(q +dYU>} v (38b)
ForY = 0O(1) we have
T =[12+25v]"? (39a)

~T,}, (39b)

iy 17~ 3/2 R 1/2
P=P0——n3{—[u€+2§4 —2§Y+{T5+2§Y] } (39¢c)
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where the constants ands are scaled values of the heat transfer and the skin friction of the basic boundary
layer. In order to scale out as many parameters as possible we define

a)—L R 1/2
Y = b_lyD, ﬁ = a,BD, Q= —_QD, Tw = <T> TDw (40)
bs K
and
_ Ao- 5\ Y2 5\ Y2 ar
UT,m,q)=|—==Up, |~ 0p,C| - np, ——dqp |, 41a
@1 m = (3) i e(§) "o 2] s
o~ o~ . a_. a._. S~ ~
(M7U7 w, T? Q): |:MD7 EUD7 Eva KTDvabQD]v (41b)
where the constantsandb are to be fixed. Furthermore,
= 1/2 — = - 5 — = .
Op = [Tp2 +2vp) "2, Up=0p — Tpu, mp =0p, qp = pBpUp —i2p, (42)
and then we define
Ay |12
_ Al 92 o a—|xY20Y2 p—TI. 43)

C
The solutions presented below are all given in terms of the dimensionless variables with a subdmript
was found that the numerical side of the solution process could be simplified in the following way. Another
parameter can be removed from the problem by scaling the flow variables on the vortex wavehwanter
writing

&

V=V Po=sh. Q=70 t=VEDn. (443)
and also
- 1 1. ¢
Up,bp,qp) = |—=u, —=0, ——=¢q 44b
( D>UD f]D) T Z ﬁq ( )
The transformed basic flow is then given by
6=[2+2V]"?  a=6-1, G=PBi-iQ, (45)
and if the perturbation quantities are scaled with
~ . o~ Ao 2 €x x5 S
(4p,Vp, wp, Tp, Op) = M,%U,%W,T,SkQ , (46)

then there are only two parameters that are thrown up, nashely? ands ~1k~1/2. In his study Bogolepov [26]
reduced the number of free parameters in the problem to just one by cheasirtat

ek 2= Y V2oR* o e=kY? R =k (47)

and referred taR* as a Reynolds number: here we shall put 1. Given these preliminary transformations of

variables the stability equations (3a)—(3g) are written as a system in tens of and 0 as defined in (46).
This set can be expressed as
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{dd_;z+au%_bu}ﬁzru,ﬂrwmdu,j—? (48a)
{dd_;z +at%—b,}%:rw5, (48b)
{dd—; +avdd_?_bv}ﬁzrvq§+rvt%+dvtj_§v (48c)
{dd—;z +aq%—bq}é=rquﬁ+rqﬁ+rq,?+dm%+dqvg, (48d)

and the coefficients here (which are relegated to the appendix) can be written in teéfrmg ahdg as given
by (45). Finally, this system needs to be solved subject to the homogeneous conditions

i=0=v;=T=0 atyY=0andas — co. (49)

7. Numerical and asymptotic solutions of system

The disturbance equations (48) (subject to the boundary conditions (49)) were solved numerically by use of
a finite-difference formulation similar to that proposed by Malik, Chuang and Hussaini [31]. In this, derivatives
are replaced by second order accurate central-differences on a non-uniform mesh which leaves a block tri-
diagonal algebraic system to invert of the form

Ajp; 1+ Bjp; +Cjp;j1=0, j=2,....N, (50)

whereA;, B; andC; are 4x 4 matrices ang;, = (U;, T}, V;, Q)" is the solution vector wherg; = ﬁ(?j),

etc. The outer boundary conditions were imposed simply by setting = Ty+1 = Vy11 = On+1 =0 while

the constraints oy = 0 were applied by putting/; = vV, = T, = 0 and the final constraint followed after a
suitable normalisation of the problem. Iteration on the growth rate parameter ensurﬁg thatatY =0 and

thereby eigensolutions of (48) identified. Finally, in order to inspect the properties of solutions in the physically
sensible context, our results were expressed in terms of the dimensionless variables denoted with aBubscript

in the previous section, see (40), rather than the variables of (48) which have been scaled on the wavenumber
according to (44).

We begin our account of the strongly cooled modes figihire 10which illustrates some typical stationary
solutions of (48). The dependence of the spatial growth rate paramgter shown as a function of vortex
wavenumbek for a selection of scaled wall temperatures in the ran@jel0r'p,, < 10; within the wavenumber
regime there is a local maximum in the growth rate and a neutrally stable mode. Also shown are the growth
rates for the first six modes for a fixed wall temperatfigg, = 1. As would be expected, the higher modes are
unstable over a decreasing band of wavenumbers—in fact further computations showed that for these higher
modes the neutral values éfare remarkably insensitive tB6p,,. We also note thafigures 10(a)and 10(b)
compare well with figures 1 and 4 respectively of Bogolepov [26] once differences in notation have been
accounted for.

Next we consider some non-stationary solutions. It is evident from the definition (45) that@hen0
all the coefficients in system (48) are real and solutions have purely real valygs. ¢tfowever once we
are in the non-stationary case this no longer holdsfajpuate 11shows the dependences of the neutral values



J.W. Elliott, A.P. Bassom / Eur. J. Mech. B - Fluids 19 (2000) 37-68 59

0.06 . ; 0.06 - , ,
7,,=5.0 Tp,=1.0
0.05 + / - 0.05 -
0.04 + i 0.04 -
=0.5

0.03 |- 1 fo oo3 N
Ao =0.1

0.02 H / i 0.02 i

0.01 - Tpy=10.0 0.01 ]

0.00 L 0.00

0.00 0.03 0.06 0.09 0.12 0.00 0.03 0.06 0.09 0.12
k k
(a) (b)

Figure 10. (a) Growth ratefp of severely cooled modes as a function of wavenunibésr a selection of cooling parametersl®< Tp, < 10.
(b) Growth rates of first six severely cooled modes for fixed wall temperdiygge= 1.
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Figure 11.First four non-stationary severely cooled neutral modes at wall tempefBure= 1. (a)ay = Im(Bp) and (b) frequency?p as functions
of vortex wavenumbet.
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Figure 12. Properties of neutrally stable non-stationary modes in flows over a surface with prescribed wall temperature in the5ahgg § < 15.
() ey =Im(Bp) and (b) frequency2p as functions of vortex wavenumbker

ay =Im(Bp) and of 2p upon the wavenumbaérfor a fixed wall temperatur&p,, = 1. Of course, aS2p — 0

we retrieve the neutral stationary results which match with thodeyofe 10(b)but, of more interest, is the
finding that©2p — oo in the long wavelength limik — 0. The properties of neutral modes as functiong of

are shown irfigure 12 In particular we notice that for smallighthe corresponding neutraly appears to be
virtually independent of the wall temperature. Once more there appears to be a diversity in the behaviour of the
frequencyQp in the small wavenumber limit: for very strong wall coolifip,, < 1, Qp — oo in this limit

while, at higherTp,,, Qp — 0.

It is clear that there is a rich and varied structure to the severely cooled stage. Interesting properties of these
modes include both non-uniqueness and multiplicity of modes. Space precludes us from presenting many of
the results but, as the main focus in this work has been the determination of new cooled structures and the
linkages between them, figure 13we summarise the neutral properties of non-stationary modes as functions
of Tp,, for given values of the ratié/a . It is observed that fok /a3 < 4 we appear to have two branches of
solutions while only one otherwise. (Indeed at small values of the temperature there were problem in obtaining
satisfactory convergence for those solutions without a second branch.) As an attempt to explain these findings
it is clear that one branch represents the match with the moderately cooled modes found earlier (see Section 7.1
below) while the appearance of the second branch suggests that there is a possibility that the neutral curve
closes up, especially since in limits witiie:2 held fixed these severely cooled modes can be linked not only to
the moderately cooled modes but also with the non-stationary counterparts to the viscous modes Il and inviscid
modes Il offigure 1 Further calculations show that the higher modes behave in a very similar way.

7.1. Limiting forms of solutions

Two natural limits arise from these severely cooled calculations: these are both concerned with the case
of T,, « Tp,, large andk « 1. The first of these relates to the situation of large ¢t)values of the scaled
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Figure 13.Neutrally stable non-stationary modes with prescribﬁxdlzv. (@)ay =Im(Bp) and (b) frequency p as functions of wall temperatuf®,,,, .

temperature = k/°T,,. We have already touched on this aspect when it was noted that the three regimes I-lI
in incompressible flow fall onto the same single structure whiga= O(T,, /%) and M, = O(1). To retrieve
structures I-lll from equations (48) is an elementary, though lengthy, task. Essentially all the key scalings are
already held within (32)—(34) so that for, > 1 (see (36)) the necessary behaviours of the various quantities in
(48) can almost be read off. As an example, in order to match to the inviscid mode examined by Dando [27] in
the compressible regime, the relevant scalinggifas and p within (37c) are Q7,), O(T,) and C(fj) which

are seen to be just the exponents ofshderms in (34b). The same recipe yields the appropriate behaviours for
the growth rate8, spanwise wavenumbérand spatial exterit of the mode for Iarg@w. For brevity we do not

write out the full equations in this limit for these are essentially just the forms solved in previous calculations.
Moreover, wherT,, formally reaches size @/4) so the respective incompressible scalings are obtained and
this provides the matching to the structures which were discussed in Section 3.

The second limit of this severely cooled work arises for small values of the scaled temperaarprovides
a link with the moderately cooled structures. Wherg 1 the nature of the basic flow solution (45) indicates
the evolution of two important spatial scales: a main region witeteO(1) supplemented by a ‘buffer layer’
whereinY = O(z2). If we suppose that an additional viscous layer will be required in order to fulfill the no-slip
conditions then, after noting that for< 2 0~1 (from (45)), the balance of the viscous ahd: terms in
(48a) implies that within this third zong ~ k¥28-1/3¢, Q ~ k¥/2B2/3, The results of the analysis of Denier et
al. [8] and Dando and Seddougui [10] for inviscid Goértler vortices indicategkatO(k/2). If we assume this
for the moment then the requirement that the viscous layer must lie beneath the buffer deck translates into the
result that this main-buffer-viscous three layer structure may be possible as long as

kPt <1 (51)
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To outline this further let us write
B=IY25, Q=155 (52)
and take the three zones one at a time.

7.1.1. The buffer zonE = O(z?2)
If in the buffer Iayer)? = 72Y then the basic flow solutions

f=1[1+2Y]*=1To, a=t[{1+27}"°—1] =i

and scaling arguments applied to system (48) yield

~

Elementary analysis then leads to

Uo = (A + BF)i}, (54)
whereA and B are constants anfl’ = —T /i3 (here’ denotes?/dY).

7.1.2. The wall layet = O(kY/37)

Within the wall layer we suppose thHt= kY3ty, y = O(1) and remark that the solutions of the buffer layer
problem imply that within this viscous wall layer the disturbance functions in (48) assume the forms

o~
~

,0) = (g4, kKt 4+, To+ -, kY®t 7100+ ---). (55)

~)

(i, v,

The governing equations must be solved subject to no-slip conditios=08 and matching with the buffer
layer forms ag — oo and standard procedures show this is only possible if

-1

Bt Ai’(&o) oo .
W: 31/3 { . A|(S)dS} y (56)

whereg = —iQ/p2/3.

7.1.3. The main deck = O(1)

To complete the description of this new structure it is necessary to consider the uppermost of the three tiers.
The buffer deck solutions imply that within the main layer

»

~

@ﬁT,Q):t(ﬁg+...,k1/2‘70f+...,TJJF...,kl/ZQ(T)JF...) (57)

and then equations (48) may be used to show that

dy2 24y

~d?U; 3dU! [~ 17~
y—=2 4 0 _ly— T=o0 (58)
4p2

__The relevant solution of this equation which both matches to the buffer layer-a$ and which decays as
Y — oo can take on one of two forms depending on the relative sizes of the condtantB in (54). First, if
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B/A <« t, which from (56) corresponds to the regimes> k%/6, we have effectively an inviscid analysis. The
leading order solution is then

B =(1/2)"2, (59a)

Ud oc Y Y2 exp(—Y) (59b)
which contrasts with the non-singular form obtained by Bogolepov [26] from a similar inviscid analysis.
Alternatively, if B/A = O(t) we obtain

U4 « Y V2exp(-Y)U (a; }; 2Y);

herea = 1/4 — (1/8)@‘2 and U(a; 1/2;2Y) is the confluent hypergeometric function which is only
algebraically large fory > 1, see Abramowitz and Stegun [28]. Matching with the buffer deck solution,
followed by use of (56), throws up the dispersion relation

1 Ao _2r(1/2+a) (60)
p2BY3 [CAi(s)ds Tl

here p is the order one parameter given py= tk~%/® o 7,k%/3. This result holds good so long &5 =
O(k~%3) > 1 or, equivalentlyr = O(k'/®) « 1, which is within the range of validity as specified by (51).

It is of interest to note that it is decreased to be @ ~/2) then B = O(G~Y%) and the overall vortex
wavenumber and spatial growth rate becom@)@nd QG'/?) respectively (see (37)). Then= O(G '/
and T,, = O(GY®) and use of (36) and (40) show that the wall temperafjye= O(G~Y/1?). These new
scalings, which correspond to longer wavelengths and to less severe cooling of the wall, are no more than the
moderately cooled scalings discussed in Section 4. Furthermore, a large wavenumber analysis of the moderately
cooled equations in Section 4 also establishes the dispersion relation (60).

The eigenrelation (60) was solved numerically anfignre 14(a)we show the growth ratg, as a function
of p~1 for the case of stationary modes. Nonstationary counterparts of this mode are illustrigedsin4(b)
from which we deduce that as a general rule increasing the frequency tends to lower the growth rate. Further
computations revealed the existence of a second family of unsteady vortices and the real and imaginary parts of
B are plotted as functions &t in figures 14(cand14(d). We remark on the excellent agreement with the overall
structure ofigure 8for smallz. Now for sufficiently large values of the parametethere are neutral modes and
figures 14(e)and14(f) show the forms of the neutral valuesfand frequency. Once more there is very good
agreement with the moderately cooled results presentdigure 6 This connection between a moderately
cooled viscous—inviscid stage and a severe cooled fully viscous problem has been encountered in previous
studies of wall cooling (although we also point out that no relevant numerical solutions of the fully viscous
regime have been given elsewhere). Elliott and Strange [30] have demonstrated that similar relationships hold
in the context of Tollmien—Schlichting waves in cooled boundary layer flows for which analogous inviscid and
viscous regimes exist.

8. Discussion

The highlight of our work summarised here has undoubtedly been the identification of two new structures
which are relevant to Goértler vortices in cooled boundary layer flows. In particular we have uncovered an
interactive moderately cooled structure which is certainly novel with regard to Gortler vortices. In effect, this
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Figure 14. Solutions of the dispersion relation (60). (a) Stationary solutions: realﬁgaaf Eas a function of parameter/#. (b) Nonstationary

solutions: 8 against frequency2 for various choices op, p = 1/5 (topmost line), followed by = 1/3, 3/4, 1, 2 and 3. (c) Real paf}- and (d)

Imaginary parig; plotted as functions o2 for a selection of values gf: the curves labelled (j)—(viii) correspond to= 2.5, 2, 4/3, 1, 0.9, 2/3, 0.5 and
0.4 respectively. (e), (f) Dependencesgpfand2 on 1/ p for neutral solutions.

mode combines the viscous study of CHS [14] and the inviscid modes of Seddougui et al. [19] into a single

structure. Additionally, we have established the fully viscous form adopted by a severely cooled vortex, which is

specifically new forM, = O(1). This mode encapsulates the properties of the uncooled modes Ifijudd 1

and unifies them: in particular there exists both a most unstable form and a right-hand branch for stationary
modes within this parameter regime. Furthermore, the unsteady neutral calculations given in Section 7 for the
plethora of possible modes demonstrates clearly the complexity of the structure. Obviously this needs to be
investigated further.
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Unquestionably there are several limitations to our study but, on the other hand, a strong point is our
identification of the links between the new cooled structures and the uncooled modes. In particular, Section 7.1
explains the connection between the moderately and severely cooled forms and while some of the trends are
analogous to results of Seddougui et al. [19] with regards to cooled Tollmien—Schlichting waves, some are not.
Our calculations, which in practice were far more extensive than the small selection presented here, clarify
these links and, where direct comparison is possible with previous investigations, the agreement is very good.

We can summarise clearly how our novel modes relate to previously known forms and this information is
presented irfigure 15 In these diagrams—which are drawn fof1p values of M,.,—we show the salient
wall temperature/vortex wavenumber afigigrowth rate regimes. Let us comment figure 15(a) a similar
interpretation holds for the other diagram. AQr= O(1) we have the four mode types |-V described in the
introduction from the right hand neutral branch I of Hall [4] down to the long wavelength interactive vortices IV
obtained by CHS [14]. As the wall is gradually cooled so it is the long wavelength modes which are the first to
be significantly affected. Cooling has the effect of enhancing the growth rates of these modiggifsdd(b)
to rival those of inviscid vortices (cf. the analogous result of Seddougui et al. [19] in the context of Tollmien—
Schlichting waves). Oncé&,, = O(G~?) the modes |, Ill and IV offigure 1collapse onto the moderately
cooled, predominantly inviscid forms as described in Section 4L, Ais reduced further, the modes I-III unite
as a common fully viscous structure—that is our severely cooled mode of Sections 6 and 7.

The principal conclusion to be drawn from our studies is that cooling is destabilising for Gortler modes
andfigure 15(b)demonstrates that it is the severely cooled family of vortices which have the greatest growth
rates. This destabilising effect of cooling is consistent with the conclusions drawn by El Hady [18] and
Bogolepov [26] as a result of their numerical studies. Some of the calculations described in Section 7 suggest
that should the wall temperature be less tha &/12) then growth rates diminish once more: one would then
anticipate that with enough cooling the boundary layer could be rendered stable to all wavelength vortices.

One limitation of our work is that we have been able to report on relatively few calculations and a
more comprehensive description of effects like unsteadiness or the imposition of crossflow might have been
contemplated. In the course of our studies here we have examined the influence of crossflow but, in the interests
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Figure 15. Diagrams in (a) wall temperature/vortex wavenumber space and (b) in wall temperature/growth rate space showing relationships between
the uncooled modes and the new moderately cooled (MC) and severely cooled (SC) structures.

of conciseness, we defer discussion of this to elsewhere. However, it is worth remarking that an important
conclusion which has arisen from our crossflow considerations is that it has no effect on the growth rates of
the severely cooled modes. Thus, in particular, it does not lead to stabilisation as is often the case. Hence we
may tentatively conclude that if cooling is applied to a fully three-dimensional boundary layer, which is often
thought to be a method for protecting the flow from instability, it may actually make the boundary layer more
susceptible to breakdown via Gortler modes. The lack of corroborative experimental evidence means that at
this stage this prediction must remain somewhat speculative but our findings suggest that careful experimental
studies of the effects of cooling on the properties of Gortler vortices would be of benefit.
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From a theoretical viewpoint the introduction of unsteadiness and/or crossflow inevitably leads to critical
layer type structures. Depending on the exact parameter scalings at hand, these critical layers could lie below,
within or above the cooled sublayer of the basic flow and there clearly is ample scope for further developments
here. The other aspect of this study which deserves further consideration is the form of the interactive dispersion
relationship obtained by CHS [14] appropriate to a convex (rather than a concave) surface. In many respects
this form wheny < 0 behaves in a similar way to the eigenrelation which governs Tollmien—Schlichting modes
and, in particular, in a high frequency limit one can identify a possible cooled ‘upper branch’ limit for which
the wall temperatur@,, = O(G~16) and the vortices are of wavenumbe¢lPand frequency QG ~¥/8). This
corresponds to a weaker cooling than for the ‘moderate’ scales discussed in Section 4 but the problem that
needs to be solved has some similarities with that tackled in Section 5. If we use the properties of upper-branch
TS waves as elucidated by Elliott and Strange [30] as an analogy, it should prove possible to link this upper-
branch-like vortex configuration to both the uncooled and severely cooled formulations. In the TS problem this
type of argument led to the conclusion that within the severely cooled regime the neutral stability curve closes
up and we intend to investigate whether similar behaviour occurs in the Gértler case. However what we believe
we have presented here is some conclusive proof as to the significant part wall cooling can play in affecting the
susceptibility of curved boundary-layer flows to the Gortler process.

Appendix

The coefficients of the various terms of the severely cooled equations (48) are given in térmsardg
(see (45)) according to:

a, =079, a, =2a,, a,=—0"%', a, = a, (61a—d)
by=14gk¥%72  b,=1+06"1[0"-0"1{0'}7, (61ef)
by=1+0gk ¥%072—-0719", by =1+ gk 3?62 674" (61g,h)

and
Fuy = k326727 dy =—071, Fur = =072, (62a—c)
Fp =0k32072¢", Fog =1, dy;=qg67%, rg=0"g —q670'}, (62d—g)
Fou=—iak %72 d,, =gk 367%',  d,=20"q" -67q"}, (62h—)

_ .- _ - 1 - _ -
qu — 9—1 I:q/// _ é/e—le//} + 20_1{6/ _ qe—le/} + EZ22]{—1/29—3 + qk—3/29—3{q/ _ 60_19/ _ O_é/}’ (62k)
ree=20"H0" + 0710} + k202G — G0 2(0) —000'q ), (62l)

where’ denotes differentiation with respect Yo
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